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Position-Required and its Application to Guidance Problems
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This paper presents and develops a concept that, compared with previous methods, will
greatly improve the computational feasibility of second-order approximations to velocity-re-
quired for a wide variety of boundary-value problems arising in guidance. First, it is shown
that a large category of boundary-value problems and trajectory shaping constraints may be
included within a variable time-of-arrival constraint and a variable target position constraint.
This observation is of paramount importance since it makes guidance equations much more
explicit and may avoid extensive preflight shaping of powered flight trajectories. Then the
concept of position-required is developed, and Riccati-type differential equations are derived
which the first- and second-order partial derivatives of position-required obey. The number
of such equations is quite small (between 33 and 87 depending upon the particular boundary-
value problem) compared with 168 equations to obtain all of the first- and second-order miss
(sensitivity) coefficients. A crucial property of the differential equations for the derivatives of
position-required is that initial conditions at the target are known a priori, which is in con-
trast with the lack of initial conditions for similar equations derived previously for velocity-
required. In aregion where velocity-required and its derivatives exist, algebraic equations are
derived from which the derivatives of velocity-required can be calculated from the derivatives
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of position-required.

Introduction

ET us consider an object whose equations of ballistic
motion are

dx/dt = #, da/dt = g(z) + alz,) (i)

where z, %, ¢, and a are the vectors of position, velocity, and
gravitational and aerodynamic acceleration, respectively.
We assume that the vectors g and e possess continuous
second-order derivatives. Although these equations are fre-
quently expressed in an inertial coordinate system, there is
nothing in the subsequent derivations to preclude a rotating
coordinate system. Merely include in the vector a the centri-
petal and Coriolis accelerations. Let the solutions to Eq. (1)
at some time ¢ be denoted by x(xo,%0,l0,t) and z(xy,io,bo,t) for
initial conditions (xq,&0,fp). Now suppose we wish to hit a
target at some time ¢; where the position vector of the target
at this time is denoted by zzr({/). Hence, this requirement
manifests itself in the equation

zr(ln) = z(2o,%0,l0,t1) @)

If t; is fixed at some value ¢, then we can usually solve Eq.
(2) for 4y as a function of 2o and ¢y, called the velocity-required
(correlated velocity) vector v, for the constant total time-of-
flight constraint, such that z7(tr) = 2 [zo,v,(20,t0),lo,tF ]

If Eq: (1) is sufficiently complicated by oblate gravitational
and aerodynamic accelerations, explicit solutions for v, are
not known, and we must resort to approximations, A com-
putationally efficient and accurate method to obtain a linear
approximation to v, is to solve the first-order variational
(linearized, perturbation) equations of Eq. (1), obtaining
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linear sensitivity coefficients, and then solve for ov,/0z, by
Ov,/dxy = — (Ox/do) ~1(0x/dxy) 3)

with a similar equation for dv,/dt.1

There are two current methods of obtaining better-than-
linear approximations to desired solutions. First, a finite
number of discrete points are chosen at which v, is calculated
accurately by means of an iteration procedure involving
repetitive solutions of Eq. (1). The coefficients of appropri-
ately chosen polynomials are then discrete least-mean-square-
fitted to the accurate », data (Ref. 2, pp. 228-230). The
second method is to solve Eq. (1) and its first- and second-
order variational equations to obtain first- and second-order
sensitivity coeflicients. These coefficients can then be used to
calculate dv,/0xy, as in Eq. (3), and d%,/dz,? from a similar
equation.? The first method is the most widely used tech-
nique even though repetitively solving Eq. (1) can be time
consuming. The second method suffers from the fact that
168 differential equations would have to be integrated [in-
cluding Eq. (1), its first-order variational equations, and the
reduction owing to the equality of some mixed second-order
partial derivatives]. For the constant total time-of-flight
constraint, it is possible to derive differential equations that
0,/dxy and 0%,/dxe? obey directly so that only 33 differential
equations have to be integrated, including Eq. (1) {[Ref. 4,
Eq. (6.57), and Ref. 5]. These differential equations require
initial conditions, and the only way we know to obtain them
is to solve the first- and second-order variational equations of
Eq. (1) and to use Eq. (3) and something similar for d%,/dx,%
However, we wish to avoid solving the second-order varia-
tional equations.

Now it is known that (Qv,/dxy) ~1is zero at the target, and a
differential equation can be derived that it obeys [Ref. 4,
Eq. (6.59)]. The extension of this idea to second-order ap-
proximations is facilitated by the introduction of a new con-
cept that gives the proper physical interpretation to (0v,/
oze)~t. Observe from Eq. (3) that (Qv./dxp)™* = —(0z/
Oxo) "1(dz /), which is the same as solving Eq. (2) for posi-
tion as a function of velocity rather than the usual solution of
velocity as a function of position. Thus arises the concept of
position-required p,. Hence, the basic idea (an idea of wide
application apparently unarticulated heretofore) is to solve a
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boundary-value problem (in particular, position-required)
that does not have a singularity at the end condition (target)
and then invert this solution to the desired one (namely,
velocity-required), which has a singularity at the end condi-
tion, in a region where inversion is possible.

To motivate a sufficiently general derivation of position-
required, its derivatives, and the differential equations which
they obey, we make the important observation that many
mission and physical constraints may be included in the
velocity-required function by suitably varying the time-of-
arrival ¢; at the target. Such an inclusion eliminates the need
for trajectory shaping in many cases since all the constraints
may be built into the velocity-required function. The result
is a much more explicit set of guidance equations, and we will
discuss this aspect of guidance first,.

Trajectory Shaping and
Time-of-Arrival Variation

Fixing {; may not be a real mission requirement, and there
may be auxiliary constraints on the mission and physical con-
figurations in addition to hitting the target. Since we must
hit the target, Eq. (2) shows that the only variable that we can
vary freely and upon which ». depends directly is {;. There-
fore, we wish to solve Eq. (2) for v, as a function of xq, t, and
trsuch that zr(t1) = z{xo,v-(@o,l0,t1),f0,t2]. The importance of a
solution of this kind is that we are free to vary the time-of-
arrival ¢; to satisfy additional constraints on the mission and
physical configuration. Note that even though we vary ¢,
the function v,{xo,t,fr) guarantees we shall hit the target at
whatever t; we choose. Let us discuss some possible auxiliary
constraints.

Minimum fuel and minimum burn time are both related to
the velocity-to-be-gained vector v,, defined by v, = v, — v
where v is the current velocity of the booster, and the current
position and time of the booster are used to calculate »,. Itis
now clear that the current value of v, depends upon ¢r so t;
can be chosen to minimize the magnitude of v, (Ref. 4, pp.
267-271).

Another example is to avoid collision with some other ob-
ject, such as a satellite, whose position vector as a function of
time ¢’ is known as y(t'). In this situation, we require that
ly(t") — x[2o,0.(®o,lo,t),to,t']| > K,. The constant K, is some
number indicating minimum allowable spacing. It may then
be possible to solve this inequality (or more appropriately its
square) for ¢; to satisfy this constraint. Finally, a value of ¢;
might then be found that minimizes the magnitude of v,
subject to the inequality constraint.

A constraint on the physical configuration may be that the
commanded yaw attitude ¥, in steering does not exceed a cer-
tain limit, for example K, to avoid ripping cables connecting
the power source fixed to the vehicle body and the inertial
measurement unit. For simplicity, let us assume that our
steering law points the thrust vector along the velocity-to-be-
gained vector; and, for many important applications, this is
quite true. As before, v, depends upon ¢; and so then does the
direction cosine vector & of v,; and, since the relationship be-
tween £ and . is known (frequently one component such as
£, is of the form & = —siny.), it may be possible to solve for
tr so that |¢.] < K,.

Although there are many more examples, these few serve to
illustrate the power of the idea of varying time-of-arrival to
satisfy auxiliary constraints. If auxiliary equations must be
satisfled, they or their approximations also will need to be

t The variable time-of-arrival constraint, where ¢; is chosen to
satisfy additional constraints, is to be distinguished from the non-
constant total time-of-flight constraint where ¢; is of no interest
[Ref. 2, Egs. (5.71) and (5.72)]. We remark that the derivations
of position-required, its derivatives, the differential equations
which they obey, and the relationships to velocity-required and
its derivatives have been extended to the nonconstant total
time-of-flight constraint.
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calculated. Such additional calculations are not discussed in
this paper. We restrict ourselves to obtaining approxima-
tions to v, as a function of xo,t,t7, and 2y (which will be defined
below).

In Eq. (2), we have assumed that zr(¢;) is known. How-
ever, there are cases where z7(f;) may not be known accurately
owing to inaccurate or incomplete tracking, or we may wish
to vary the target site for other reasons. In these situations,
we would like to know v, as a function of an arbitrary impact
position z;, as well as 2g,t, and {;.

In summary, a very large category of realistic guidance
problems can be efficiently handled by knowing v, as a func-
tion of w;xo,ty, and ¢; and by suitably varying the time-of-
arrival ¢;. It is often time consuming and expensive to shape,
by various iterative methods, powered flight trajectories to
satisfy these constraints. However, this idea illustrates how
one may be able to shape during powered flight by varying
the time-of-arrival appropriately during each guidance com-
putation cycle. Surely this results in a more explieit set of
guidance equations. Most importantly, we note that this
concept of using variable time-of-arrival and target position
in the velocity-required expression to shape powered flight
trajectories is quite independent of the remainder of this
paper and has been utilized in applications which use only
linear sensitivity coefficients.

First-Order Derivatives of Position-Required

In this section, we derive differential equations that op,/
Jiy, Op,/dz1, and Op,/dt; obey and determine the initial con-
ditions for these differential equations at the target [Egs.
(10, 13, and 16)]. We also show that it is not necessary to
solve the differential equation for dp./dt; [Eq. (16)] since
there is an algebraic relationship between Op./0x; and
0p./0t; [Eq. (17)]. In the next section, we derive differential
equations and their initial conditions for the second-order
derivatives of position-required, and in the final section we
derive relationships between the derivatives of velocity-re-
quired and position-required.

Suppose we have a specific set of initial conditions
(xo’,20",5") and at some time-of-flight ¢,/ we define ;" =
x(xo’, 20" 00",1").  We wish to solve for v, as a function of
Zo,to,tz, and z; such that z; = z[wo,v.(@o,lo,t1,21),0,t1] for any
(@o,fo,tr,xr) in a neighborhood of (xo’,t’,t:",21"). This is our
general boundary-value problem, and z; and {; may be varied
for a variety of reasons mentioned previously. To derive the
desired results efficiently in the second-order case, we consider
Eq. (1) as being solved backwards from the target, and we
need the crucial property that, for initial conditions (x;,%,t;)
close to (z,',2:',t;"), where &1 == &(xo 40" t’,t1"),

(E(Q}I,Ct],t[,t) = pr[i(xl;a‘:htl:t);t;tbxll (4)

is true for any time ¢ such that the matrix dz/dxy from ¢ to
tr’ along the reference trajectory defined by (xo’,20",%") is
nonsingular. This matrix certainly is nonsingular for ¢ = ¢,/
since it is the (3 X 3) identity matrix there. What Eq. (4)
says is that if we fly a trajectory backwards from the target
at time f;, then the position at time ¢ on this trajectory is
precisely the position-required to hit the target starting at
time ¢ and flying in the forward direction to time ¢;. A simple
argument involving the uniqueness and continuity of solutions
of Eq. (1) with respect to initial conditions and the unique-
ness of p, will prove this (see the Appendix for a rigorous der-
ivation). As mentioned we are now considering Eq. (1) as
being solved backwards from the target with initial conditions
(zr,21,t). Hence, position, velocity and time back along the
trajectory henceforth will be denoted by z, &, and ¢ rather
than x,, %o, and ¢y, and dp,/dz now becomes Op,/di.

1t follows from Eqgs. (1) and (4) that the total derivative of
p, with respect to t is

dp,/dt = & (5)
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Now p, is a function of &; and is continuously differentiable
with respect to #r provided the right-hand side of Eq. (5) is
continuously differentiable with respect to p, and &,. Since &
does not depend upon p,, it is continuously differentiable with
respect to it, and # is econtinuously differentiable with respect
to #r from basic variational theory (Ref. 7, pp. 25-32).1
Hence,

(d/di) (g’; 1> = /i (6)

From Eq. (4) it is clear that
ox/dir = (Op,/dz)(D%/dér) )

Now at { = #1’, d¢/di; is the (8 X 3) identity matrix. We
assume it is nonsingular for all ¢£; but then the total deriva-
tive of 04/04; and Op,/0+ with respect to ¢ exists since
p./d% = (dx/dir) (04/d%r) ~* [see Biq. (7)], and these matrices,
in turn, are differentiable with respect to {. Thus, Eq. (6)
may be expanded to

[(d/dt) (Op./d%) 102/ddr +
(0p,/0%) [(d/dt) (02/0i1)]) = 0%/di&r (8)
using Op,/d%; = (Op./d%)(d4/d41), which comes from using

the chain rule on the right-hand side of Eq. (4). Recall from

variational theory that the first-order variational equations of
Eq. (1) are

oz 2o O 0 I\ fordzde
g 5.721 ba‘cz bt; - aJJI bab; bt, (9)
dt\ 0% o O Og | 0ada o O 0%

dz1 ditr Ol oz ' oz ds/ \Ow di; Ot

where 0 and I denote the (3 X 3) zero and identity matrices,
respectively. The initial conditions at ¢ = ¢;’ for Eq. (9) are

I 0 —-ar
0 I —g/) — al/, 1)
We then substitute from Eq. (9) into Eq. (8) obtaining

2 ()]0t on (o oy o wmor] o
[dt <a¢ ):I omr T 22 | \oz T oz) o2 T o2 041 ~ ot
which, using Eq. (7), becomes

2 (om) 4o (%, o0)on onan_or
[dt (bx) T 2 (bx +bx> o5 Tosoe s =0

Because of our assumption that 04/0%; is nonsingular, this
must reduce to

d (op. op- (0g | 0a\ dp:
at (bx> Y (bx + bx) o6

Equation (7) and the initial conditions for Eq. (9) show that
the value of Op,/0¢ at ¢t = ¢;’ is zero. Notice that, since
op./di = (0v,/0x)~, Eq. (10) (with the aerodynamic terms
omitted) is the same as Eq. (6.59) of Ref. 4.

Now let us return to Eq. (5). As before, the total deriva-
tive of p, with respect to z;, denoted by dp,/dz;, satisfies

(d/dt)(dp,/dxr) = di/dx: (11)

But dp./dz; = (Op,/d%)(di/dx1) + Op./dxs, again using the
chain rule on the right-hand side of Eq. (4), so that we may

op-du
i 0 10

I It was R. Rinker’s suggestion that led to this particular ob-
servation and which significantly reduces the algebraic manipula-
tions necessary to derive the desired equations in the second-order
situation. The original derivation, which used the Implicit
Function Theorem, was much more lengthy.
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then expand Eq. (11) to

(4 ()] 2 + 24 (2)]+ 4 (32) - 22
dt \oi& ) |oxr ' 0z |Ldt \Ox: dt \ozx1/ Oz
Substituting from Eq. (9), noting from Eq. (4) that

dz/dx; = (dp./0%)(D/dxr) + Op./dx1 (12)
and combining terms yield
d (op- Op- (dg | Qa)\ Op. | Op. da oz
[dt(bab) T 3z <bx+bx ot Tos o Llom T
d (opr) , op (0g  Qa)dp. _
b7 (ax,> EY (bx +52) 2z =0
Thus, using Eq. (10) we have
(d/dt)(Op./dx1) +
(0p:/0%)(0g/dx + da/0x)dp./dxr = 0 (13)
The initial condition for Eq. (13) at ¢t = ¢,/ is the (3 X 3)
identity matrix as shown by evaluating Eq. (12) at ¢, and
using the initial conditions for Eq. (9). Note that Eq. (13)
is a linear differential equation in the matrix variable 0p,/dx;.

In fact, dp,/0x; is the fundamental matrix of the linear veector
differential equation

dy/dt + (0p./d2)(dg/dx + da/Ox)y = 0 (14)

Let us return again to Eq. (5). Now the total dertvative of
p- with respect to ¢;, denoted by dp,/dt;, satisfies

(d/dt)(dp./dtr) = d&/dt;

But then dp./dir = (p./0%)(0%/0tr) + dp./dtr, and noting
that

oz/dty = (Op,/0%)(d%/dtr) + Op./Otr (15)
we proceed as before to obtain
op- 0a :Ib:t

d (opr) , op: (0g , Qa)Op. o2
[dt (bx) T 2 (bx T bx) 25 Tozor Tlon T

d (9p-\ | 9p. (Og %)apr -
dt (at,) * 2 (bx *t5:) o =0

Using Eq. (10), this becomes
(d/dt)(0p./dtr) + (Op./0%)(0g/dx 4+ da/dx)p,/dtr =0 (16)

Using Eq. (15) and the initial conditions for Eq. (9), we can
see that the initial condition at ¢’ for Eq. (16) is —;'.
However, since Eq. (16) is of identical form to Eq. (14), of
which 0p,/0z; is the fundamental matrix, we know from vari-
ational theory that

op./tr = —(0p,/0xr)E:’ an

for any time ¢. Hence, it is not necessary to solve Eq. (16).
We may use Eq. (17) instead.

The simultaneous solution of 24 differential equations
[Egs. (1, 10, and 13)] gives 0p,/d% and dp,/dz;, and then
dp,/0t; algebraically [by means of Eq. (17)]. These coef-
ficients allow us to compute linear estimates of p, for ar-
bitrary variations in &, zr, and ¢{;. However, not all problems
involve arbitrary variations in all these variables. TFor
example, the constant total time-of-flight constraint only
allows variation in # so that only 15 differential equations
have to be solved [Egs. (1) and (10)]. Another important
example is illustrated by varying the time-of-arrival ¢y with
the target moving so that the desired aim point is z; =
zr(t)). In this instance, variations in & and ¢; may be ar-
bitrary but those in z; are not. In this example, a linear ap-
proximation to the variation in p, is given by

Ap, = (0p./0%) Az + (dp,/0wn) [x2(tr) —
zr(tr)] + (Op./0t) Atr (18)
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However, zr(t1) — xr(t;") may be linearly approximated by
[#r(tr") ] At; so we have

Ap, = (Op./0%) Az + [Qp./ox)ir (") + bpr/btz]AtI (19)

Since 0p./dt; = — (Op./dz1)#:’, it is obvious that the vector
(0p-/dxr) [2(tr")] + Op./dts is the solution of Eq. (14) with
initial condition at the target -(¢;") — #;. In this example,
only 18 differential equations must be solved simultaneously
[(Egs. (1, 10, and 14)]. Since 18 differential equations are
only six less than 24, this reduction is not particularly impor-
tant for linear approximations; however, the number of dif-
ferential equations to obtain the appropriate second-order co-
efficients is considerably less than they are when variations in
x; are arbitrary.

Second-Order Derivatives of Position-Required

In this section we derive the differential equations which
the second-order partial derivatives of position-required obey
along a reference ballistic trajectory. The differential equa-
tions for 02p,:/0#;0%k, O,/ 0xm, and O,/ dxr X,
1,5,k = 1,2,3, are Eqgs. (23, 25, and 27), respectively. The
initial conditions at the target for these differential equations
are all zero. Algebraic equations are derived for 0%p,;/
Q&;0tr, O*p.+/dx1;0tr, and 0*p,:/Ot2, 1,j = 1,2,3 [Eqs. (28, 29,
and 30)]. Hence, to obtain all of the possible first- and second-
order partial derivatives of p,, it is necessary to solve 87 dif-
ferential equations simultaneously [Eqs. (1, 10, 13, 23, 25,
and 27)], taking into account the equality of some mixed
second-order partial derivatives. For the constant total time-
of-flight constraint, only 33 differential equations have to be
solved [Egs. (1, 10, and 23)]. Both of these numbers (87 and
33) are considerably less than the 168 differential equations
required to calculate all of the first- and second-order sensi-
tivity coeflicients. In the important special case where varia-
tions in z; are not arbitrary but are constrained to be zr(fr)
and where these variations are approximated by [2r(t/") Ay,
only 48 differential equations hiave to be solved [Egs. (1, 10,
14, 23, 32, and 33)] with the appropriate initial conditions.

It is not possible, nor necessarily desirable, to include the
complete derivation of all of the desired equations in this
paper. Thus only those steps are included which will enable
the interested reader to reconstruct all the necessary steps
with a moderate effort. Moreover, we adopt the Einstein
summation convention which is so common in classical ten-
sor analysis.® All indices and sums over indices in this sec-
tion vary over 1, 2, 3.

We first consider the second-order partials of position-re-
quired with respect to velocity #. To derive the desired equa-
tions, we write Eq. (10) in coordinate form as

fd_ apm ap’ri a_gln bim ?& bp”. a_ain _
dt <bxk> T oin <0xn Von) oa T e 0 0% G0

where 6 is the Kronecker delta function. Equation (20) is
continuously differentiable with respect to 2 since the second-
order derivatives of g and a are continuous. Expressions for
these second-order derivatives for the dynamics presented in
Ref. 1 have been derived.? Hence, applying variational
theory to Eq. (20) we have

g azpm' a2p7‘i agm aam aprn
dlf <a.’ifuaik> + biubdcm <bxn + Oxn bxk —I—

Opri [ 0%, O¥m '\ OPra
Jtem (amaxn a,»e”ax) Oy
P <bgm 0tn\ OWpm
O, \On a—$n> 010

Opri 0w  OPr Oim

Qinddm Oy | OFy, Dbrdis

=0 @

Noting from the right-hand side of Eq. (4) that 02p.:/0%1.0%
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= (0,:;/0%,;0dy)(di;/din), substituting from Egs. (7) and
(9), and interchanging some dummy summation indices, Eq.
(21) expands to

d (0% \| Ods O [(Og]- 0a;\ Opss din
[dt (az,-axk)] 5in T onpm | \ow, T oz.) din 2in T

oa; O, 0%:s (Ogm | OGr\ OPen Oy
o, OTIJ 0% 0%m (5?" ax,,> D Oin
OPri 0% 0%y \ Oprs OF; 0% O | O
dem [(axsaxl 'axm) O%; din | O0Tn ax,,:l D
Opri (Ogm bam> O%p,, Oi; 0¥y O, Oi;
O (b—xn ALn bx]bxk &1y Sx,bxm a_il‘k Y78}

Oprif 0%n Oprs OF; %, OF;
Q% m \OZ:0%1 ai]‘ Oin ba‘cjbabk Qin
If we change some dummy summation indices, we may factor
out 0z,;/d%;; so we have an expression of the form
(A5%)(02;/0¢n) = 0 (22)

The assumed nonsingularity of 0%/0ir is equivalent to its
rows being linearly independent. Hence, for each fixed combi-
nation of ¢ and k, Eq. (22) can be true if, and only if, the co-
efficients of each row vanish. Thus we finally have

d [ O*p.i O™y Ogm |, On\ OPrm | Olm
O%Pri (O | OAn) Oprm
0%;0Lm \O%n Oz, ) Qi
QZLH / OQQm 02am aprs OQQm :l aprn
D [(bxsbxn + OdL,) O; T O#,0%n_| Oy -
aprj <agm aam) azprn aQZ)m’ aam

i, \or, T on. Qi diy | Oidim Oy

._J’__

Oprs < %, OPrm A%

= 2

Now from Eqs. (4) and (7) we see that

0%, Opri Ofm Oy

_ b[)” 4023%
#1081 Odmdin ddr; Odr

Odn OF1;0%1%

from which it is not difficult to deduce that at ¢ = ¢," we have
0p,:/0%,0%, = 0, since 0%;/0%7,0% 1, and O%in/dt1;0%y, are all
zero at ¢ = ¢/, This latter fact is true because the initial
condition for the differential equations (the second-order
variational equations), that the second-order partial deriva-
tives of any component of position or velocity with respect to
any combination of components of initial position or velocity
obey, are zero.

To derive the differential equations that the second-order
mixed partials of position-required with respect to veloeity #
and target position z; obey, we write Eq. (13) in coordinate

form as
d [Op~ Opri (Ofm | OGm\ OPrn
bl e AR Al =0 2

di <bxzk> + O, (bx" + 0./ 0T @4)

Differentiating with respect to 7, we have

d ( %, > [op.: (Ognm 'aa;n> me:l
dt (a$116x11;> T ax'n [Dxm <bxn + 02,/ 0%k

which expands as Eq. (20) expanded to Eg. (21). Noting
from the right-hand side of Eq. (4) that 3%p../d&n0zn =
(0p,:/ 02,0z 1) (O2,;/dir), it is possible to derive the desired
result using precisely the same steps as the derivation of Eq.
(23) from Eq. (21). The only differences are that fewer terms
are involved, since Eq. (24) contains fewer terms than Eq.
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(20), and one must substitute dzn for 94 in Eqs. (21-23).
The result is

d [ % ) O%p,; [(bgm bam>
dt (ba‘c,-bxnc) + 0&nOTm |\ OTn + oz, X

aprn + %] a2pri (% + a_dn_r,‘) aprn
ai?j aj:g aigax.m awn axn/ axlk
Dp,; [ azgm a2am ) apra b2am :| %
Oim | \O%:02, = O0%.0%,/ Oi; 0%,0%._| 0Tz
apri ag_m aam azprn _
Ot m, (bx,. bx,,) e DT 0 @5

By differentiating the coordinate fortn of Eq. (7) with re-
spect to z, it is easy to see that the 0%,;/0%,0x 1 are zero at
t =t

To derive the differential equations that second-order par-
tials of position-required with respect to target position obey,
we differentiate Eq. (24) with respect to z;; to obtain

@t [dx,,- (axu) T dor; |25 \oz, T 22, ) 22m] = °

(26)

Noting from the right-hand side of Eq. (4) that

(d/dx1;) Op.:/0rn) =
(Op,s/ V%X 1) %1 /Ox1; + %2p,i/dx ;0% 1k

it is possible to expand Eq. (26), substitute from Eq. (9) and
then Eq. (12), and combine terms similar to the previous der-
ivations to obtain an expression of the form (Bu')(Q:/
dxr;) + Ciuf = 0. For each combination of ¢, I, k, the By? are
precisely the left-hand side of Eq. (25) (with { in place of 7)
and, hence, zero. We are left with C,i* = 0 and this expression
is

d OWr; O, [Ogm . OUm\ OPrn
dt (bxzjgm) t b:i;mgxzk (ngn + aaw) DZU T
O%*p.; (% %) OPrn
OL1;0&m \OLr O,/ O
Ofm \OZ0Tn O 0Ln/) OZ1; O 1k

@y@@ %0\ %
Olim \OZn bx,, bx”bxm

=0 @70

By differentiating the coordinate form of Eq. (12) with respect
to z 1, it is obvious that the 0%p,;/0x,,0x1; are zero at ¢ = ¢,’.

Returning to Eq. (17), we note that the equation holds for
(zr,21,t) in a neighborhood of (z.',%/',t:") so that Op,;/0tr =
— (Op,i/Ozm)d1, holds in this neighborhood. Hence, dif-
ferentiating Eq. (17) with respect to n, using the right-
hand side of Eq. (4) and the nonsingularity of d:/0%;, and
evaluating at the reference point give

bzp,i/b:i:]-btl = - (bzpri/bd:jbxm)ablk’ (28)

Now taking the total derivative of Eq. (17)-with respect to
z1; and t;, using the right-hand side of Eq. (4) and Eq. (28),
and evaluating at the reference point give

b’pri/axzjbtz = — (bzp,,-/bxljbxzk)ablk' (29)
bzp”-/bt,‘*’ = — (bzpﬂ/bhbxzk)ablk’ (30)

In the case where variations in z; are not arbitrary but are

constrained to satisfy zr(¢;), we do not want to solve Egs.
© (25) and (27) for all values of jand k. To avoid this, we write
out the second-order Taylor series approximation to Ap.:
Just as we did in the first-order case [Eq. (18)], let zr(t) —
zz(t1') be approximated by [¢r(t*) ] Atr, and combine terms to
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obtain

Ap.; = Linear terms

2n .
+%[a”” A@-Axk+2[

a2pri a 2pri
bx ,-babk +

bab,-bt; bybjbxnc

Ere (tz'):l X
O
bx”bxm
azp‘ri
2 — 57"

Oz 1;0t;

Ag;Atr + [ Eru(tr)Er () +

. azpri
Zri(tr’) + atl2] At12] (31
Of course, we calculate the 0%p,./0&,04; by solving Eq. (23).
Now defining u;* to be the coefficient of Az;Af; in Eq. (31)
and then using Eq. (28) we have u;i = (0%,:/0%,;0Tm)
[&re(:’) — #un']. Noting that d[Er(ty/) — in'l/dt = 0,
we multiply Eq. (25) by [#r:(t/") — @r’], define v» = (0p.n/
Ozm) [Er(tr’) — Zn'], and sum on k to obtain

dui | [(0gn | dan) Opm  Otm
—%+umw[(~g—+a)p+“]+

on, T oz.) 03, T o,
2%: [(a?:i'; + a?:%w abza)c + sa;é—';] b+
(3w

Observe that v is the coefficient of A¢; in Eq. (19) [using Eq.
(17)] and, hence, obeys Eq. (14) with initial condition at the
target £7(¢/') — 21. Of course, the initial conditions for Eq.
(32) at the target are zero since the 9%p,:/0%,0zr, are all zero
there.

Now the coefficient of A#2 in Eq. (31), call it wé, can be
written using Eqgs. (29) and (30) as

(0%,i/0x 10 1) [ (1) Era(tr”) — 280" Er; (t1") + En'2r;']

50 by multiplying Eq. 27) by [Em:(t:) — Zn’[dr;(&7) —
Z1;'] and summing on j and % give

dw? 4 2u (% . bam) o -

dt oz, O%a
apri bzgm a2am o
Obm (bxsbxn + bxsbxw) vor +
Opri {OFn = OGm .
dim (axn ax,,) w =0 (33)

Of course, the initial condition for Eq. (33) at the target is
zero. Hence, to obtain the first- and second-order Taylor
series coefficients for p,, where variations in z; are constrained
to be zr(t;) and variations in zz({;) are approximated by
[&r(t:"} ] Atz, we solve Eqgs. (1, 10, 14, 23, 32, and 33). If the
linear approximation for variations of z7(f7) is inadequate, we
use [2r(ir")1Atr + [#r(t")1AL2/2. The reader is invited to
work out the appropriate differential equations and initial
conditions in this case.

Relationships between Derivatives

In this section algebraic relationships between the first- and
second-order derivatives of velocity-required and position-
required are derived. The results are Eqs. (40-43, and 47-50).
Furthermore, we show how to derive differential equations
for the partial derivatives of velocity-required by differentiat-
ing these algebraic relationships with respect to ¢ and sub-
stituting from the differential equations of the appropriate
partial derivatives of position-required.

Since the desired relationships are most easily derived in
complete generality, we suppose that f is an n-dimensional
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vector function such that f(ue,2,y0) = 0 for some fixed point
(wo,20,40) in (2n + p)-dimensional Euclidean space, and we
suppose that f possesses continuous second-order partial de-
rivatives in a neighborhood of this point. The vectors w, 2,
and y are of dimension p, n, and n respectively. If the inverse
of df/dy exists at the fixed point, then the Implicit Function
Theorem states that y is a unique function ¢ of, and possesses
continuous second-order partial derivatives with respect to,
w and z in a neighborhood of (u,2,) such that fu,z,¢(u,2)] = 0
in this neighborhood. Moreover, ¢(ug,z) = 1. It follows
that

0 = of/dz + (0f/dy)(0¢/0z) (34
0 = of/ou + (f/dy) (d¢/0u) (35)

in the above neighborhood. Similarly, if the inverse of Of/
Oz exists at the fixed point, then we have 2z as a function 6 of
and y such that f[u,0(x,),y] = 0 and O(ue,ye) = 2, from
which it follows that

0 = of/oy + (0f/0z)(06/y) (36)
0 = of/ou + (2f/d2)(26/du) (37

Now solving for 0¢/dz in Eq. (34) and 96/0y in Eq. (36) and
comparing results shows that

0¢/0z = (00/0y) ! (38)

Solving for 0¢/du in Eq. (35), 08/du in Eq. (37), and inserting
(0f/02)(0f/02) 7" give

9p/0r = —(0¢/0z)(08/0u) (39)

In terms of velocity and position-required, Eqgs. (38) and (39)
become

i

v, /dx = (Op,/d%) ! (40)
o, /0x; = —(d0,/dx)(dp,/Ox1) (41)
ov,/tr = — (dv,/dx) (Op,/dtr) (42)

The derivations of Eqs. (41) and (42) assume variations in
zr and {7 are independent. In the instance where variations
in z; are not arbitrary but are constrained to be zr(¢;), it is
easy to see that

o L o _ou[o,
on T T o T T [ax,

i) + Z’I’] (43)

which is the coeflicient of At¢; in the linear Taylor series ap-
proximation for Av, [see Eqgs. (18) and (19)].

Noting that (0v,/0z)(0p,/0&) = I in a region where
dv,/dz exists, we differentiate this expression with respect to ¢
and then substitute Eq. (10) for d(0p,/dz)/dt and use Eq. (40)
to obtain the differential equation for dv./dz. Similarly, dif-
ferentiating Eqs. (41-43) with respect to ¢ and making ap-
propriate substitutions gives differential equations for
ov,/dz1, OQv,/Ols, ete.

To derive the desired second-order relationships efficiently,
we observe that 8 and ¢ are inverse functions of one another
for every fixed u in a neighborhood of ue.¥ This follows from
the fact that 0¢/dz is nonsingular in a neighborhood of
(u0,20) 80 that ¢! exists and has derivative d¢—1/dy =
(0¢/0z) 71 = 36/0y.2* Since thisrelation holds in a neighbor-
hood of (uo,y0) and ¢~(ug,y0) = 2o = B(ue,yy), it follows from a
first-order Taylor’s formula with integral remainder!* that
¢! = 0in a neighborhood of (ug,ys). Hence,

y = H(uy) = ¢[u,0(uy)] (44)
8 fl‘his basic observation was made by P. Cefola and results in
significant reductions in the algebraic manipulations required to
derive the desired second-order relationships. The original der-

ivation, which used the Implicit Function Theorem, was much
more lengthy.s
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From this equation, we can easily derive the general relation
I = (QH/oy){(uoy0)} =
[(@¢/02) {0, 8(uo,y0) } 1[(08/2y){ (uo,y0) } 1 (45)

In Eq. (45) we have deliberately included the fact that the re-
lation involving the derivative of a composition of functions,
which we usually write as (0¢/02)(d8/dy), is really only true
when these derivatives are evaluated at the appropriately
corresponding points. Hence, they depend upon, i.e., are
functions of, w, and y,. Since the relation in Eq. (45) holds
true for (u,y) in a neighborhood of (ue,y,), we may differenti-
ate ’Eﬁhe coordinate form of Eq. (45) with respect to y; to ob-
tain

0 = OH /Yy dyn = (O/0y1) [(d:/02,)08:/dYn] =
(02:/02,025) (00,/y1) 0604/ dy m +
(bd)l/bzh)bzﬁh/by;bym

Of course, this relation depends upon evaluating the deriva-
tives at the appropriately corresponding points, but we have
now suppressed this dependence as is customary. Multiply-
ing by (0¢:/0z;)(0¢n/dzx), summing on ! and m, using Eq.
(38), and rearranging give

b%;b,-/szazk =
— (0¢:/021) (0204/0Y 10y m) (0¢1/02;)0¢/02;  (46)

Hence, if we know the first- and second-order partial deriva-
tives of the s with respect to the y’s, we can calculate the
first- and second-order partial derivatives of the ¢’s with
respect to the 2’s using Eqgs. (38) and (46). Doubtlessly,
formulas for the relationships between even higher-order
partial derivatives can be derived. In terms of velocity and
position-required, Eq. (46) becomes

O%ri Uy O OVy OUpm
drdzy Oty OEdEn O, Ok

(47)

Differentiating Eq. (47) with respect to ¢ and substituting
from Eq. (23) and the differential equation for dv,/0z give
differential equations for the 0%,;/dx;0z;.

Now differentiating Eq. (45) with respect to u; yields

0 = 0°H,/0u,0y: = (9/0u;)[(0¢:/021)00:/0y:] =
( %p; 0%, b(im> o8, | O¢: 0,

Qu;0z;,  02mOZi b_u, —b——yz 0z, Ou; 0y

Multiplying by 0¢:/dz:, summing on I, using Eq. (38), chang-
ing one dummy summation index, and rearranging yield

0%, O%p; 06, O¢; 0%, O¢:

Qu;02) -7 0210z OU; YR Ou; QY e

In terms of velocity and position-required, this equation be-
comes

0% 0%y Opm OV O'pu OVn (48)
bxzjbxk - bxhbxk bx” bxh bxl]-bybl bxk
0% O™ Opm OV O’ dvn 49)
bt,bxk n bxhbxk bt} bxh Otlbm bxk

Of course, these algebraic equations may also be differentiated
with respect to ¢ to obtain differential equations for the ap-
propriate partial derivatives of velocity-required.

Finally, from Eq. (44) we obtain

0 = (QH/du){uoyo} = (db/du){ue,0(uo,yo)} +
[Q¢/d2) {uo,0(u0,y0) } 11(06/0u) {uuo,y0} ]

T In the subsequent derivations of this section, the indices for
¢, 8, y, and z vary over 1,...,m; the indices for u vary over
1,...,p; and the indices of p,, v, 2, &, and x; vary over 1,2,3.
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so that differentiating the coordinate form of this relation

with respect to u; gives

0 OH;  0%. o%p; 00,
bzhbuk @uj

= U QU T dudu

(a%i 0%, 001) 08, Op; 0%,
ou;02, 0202 Ou; /] Ous 0z Ou;0Uk

Solving for 0%p;/0u;0uy, gives

2% 0%: Ob:
T Dz duy
(32¢i 0%p; 091) 08, O¢; 0%,

bujbuk
Qudz, | 0zidzn Ou; ) Our  Oza Ou,0us

(50)

The reader should be able by now to write out the expres-
sions for 0%,;/0x1;02 1, OW,:;/dx1;0t;, and O%,;/dt;* from Eq.
(50). In the instance where variations in z; are not arbitrary
but are constrained to be zr(¢;), it is possible to derive rela-
tionships similar to Eq. (43) for second-order coefficients.
Again, the reader is invited to do so.

The partial derivatives 0%,,/ddz;, etc., involving time,
can be computed algebraically using other first- and second-
order partial derivatives already computed [Ref. 1, Eq.
(1]

Appendix

All notations in this Appendix follow the notations in the
beginning of the section entitled “First-Order Derivatives of
Position-Required.” Suppose 0x/dx, is nonsingular when
calculated from &’ to ;' along the reference trajectory de-
fined by (x¢/,30",ts’). Then the Implicit Function Theorem
tells us that open sets U, U,Us; and U, exist containing
%o’ to’,t1’, and z1’ such that p, is a unique, continuous function
on the open set U == U,XU,XU;X U, possessing continuous
second-order derivatives on U, and satisfying

Tr = x[pf(xOytOytth;i‘OytO:tI] (51)

whenever (&o,lo,ir,27) is in U. The uniqueness of p, means
that p.(@,t,t,2r) is the only initial position satisfying Eq.
(51) for (do,to,tr,zr) in U.

On the other hand, open sets U./,U",U;’, and U’ exist
containing z;",&/",tr', and ¢ such that #(x,25,t,t) is in U;
whenever (zr,%1,l,l) is in the open set U/XU,'XU,' XU,
This follows from the continuity of solutions of Eq. (1) with
respect to initial conditions and time (Ref. 7, p. 22). Letting
Vl = U1IU4, Vz =: Uzl, V3E U3’ n Ug, and V4 = U4, n Uz,
we may conclude that [&(x7,241,tnt), to,tr,zr] is in U whenever
(fl?[,i[,thto) 18 in the open set V = leVQXV3XV4.

Finally, we note that the solutions to Eq. (1) satisfying
specific conditions (xs,&s,fz) are unique. This follows from our
virtually global assumption on the existence of continuous
second-order derivatives of ¢ and o (Ref. 7, p. 12). Solutions

x(x_IJilytIJt)J :t(xfyil;tlyt) (52)

to Eq. (1) starting at (:pz,abz,tl) satisfy z; = z(zr,dtnt) and
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%1 = £(@1,Z1tntr). Hence, the solutions to Eq. (1)

z [x(xl,j?l,tl,to), x(xlyilytf;t(l)yto)t]
(53)
Z [x(xfyil;tlyto); j)(xl,jfl,tl,to),tg,t]

starting at z(xr,a5,t,ty), £(znéntnt), and fy must satisfy

21 x[x(wz,aéz,tl,to), $(x1,i1,t1,t0),to,t1]

Er = .’t[x(il)l,.’tl,tz,to), i(a’l,ij,tl,to),to,tl]

Otherwise, there would be two distinct solutions to Eq. (1)
satisfying the conditions a(xndntnt), i(xrinint) and
namely, Eqs. (52) and (53).

Now restricting (zr,&1,tr,ts) to be in V, we see that the fol-
lowing equations are both satisfied

T x[x(xl;:tl;thto)y :t(xlai‘l;t[;to),to,tl]

rr = x{pr[j}(.’l}],j?l,t[,to),to,tI,ZI], x‘(xI):i;I)tlytO)7t0yt1}

from which we may conclude that z(zsirtr,t) = p.[2(xrdr,
tr,to),to,tr,xr].  Since this argument holds true whenever
Qx/dx, is nonsingular, we may conclude

x(xlyxllytht) = pr[i(xh:tf)tl;t);t;tl:xl]

for every time ¢ for which the nonsingularity condition holds.

A similar relationship can be derived for ». in much the
same manner as the one for p,. This relationship ean then be
used to directly derive Riccati-type differential equations that
the derivatives of », obey (much as the Riccati-type differen-
tial equations for the derivatives of p, were derived) rather
than the method suggested in the section entitled “Relation-
ships between Derivatives.”

References

1 Culbertson, J. D., “The Variational Equation of a Ballistic
Trajectory and Some of Its Applications,” Journal of Spacecraft
and Rockets, Vol. 7, No. 6, June 1970, pp. 662-666.

2 Leondes, C. T., ed, Guidance and Conirol of Aerospace
Vehicles, McGraw-Hill, New York, 1963.

8 Goursat, E., A Course in Mathematical Analysis, Vol. 1,
Dover, New York, 1959, p. 42.

4 Battin, R. H., Astronautical Guidance, McGraw-Hill, New
York, 1964.

5 Culbertson, J. D., “Computation of the Second-Order
Partials of Velocity-Required with Respect to Position and Time
for the Constant Total Time-of-Flight Constraint,” 07784-6012-
T0-00, March 1967, TRW Systems Group, Redondo Beach, Calif.

6 Culbertson, J. D., “Position-Required and Its Application to
Guidance Problems,” 7221.15-18, Aug. 1969, TRW Systems
Group, Redondo Beach, Calif.

7 Coddington, E. and Levinson, N., Theory of Ordinary Dif-
ferential Equaiions, McGraw-Hill, New York, 1955.

8 Sokolnikoff, I. S. and Redheffer, R. M., Mathematics of
Physics and Engineering, McGraw-Hill, New York, 1958, pp.
324-325.

? Williamson, R. K., “Preliminary Equations for the CEP
Minimization Program,” 7221.5-161, Aug. 1967, TRW Systems
Group, Redondo Beach, Calif.

10 Spivak, M., Calculus on Manifolds, W. A. Benjamin, New
York, 1965, p. 35.

11 Dieudonne, J., Foundations of Modern Analysis, Academic
Press, New York, 1960, p. 186.



