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Position-Required and its Application to Guidance Problems
JACK D. CULBERTSON*

TRW Systems Group, Redondo Beach, Calif.

This paper presents and develops a concept that, compared with previous methods, will
greatly improve the computational feasibility of second-order approximations to velocity-re-
quired for a wide variety of boundary-value problems arising in guidance. First, it is shown
that a large category of boundary-value problems and trajectory shaping constraints may be
included within a variable time-of-arrival constraint and a variable target position constraint.
This observation is of paramount importance since it makes guidance equations much more
explicit and may avoid extensive preflight shaping of powered flight trajectories. Then the
concept of position-required is developed, and Riccati-type differential equations are derived
which the first- and second-order partial derivatives of position-required obey. The number
of such equations is quite small (between 33 and 87 depending upon the particular boundary-
value problem) compared with 168 equations to obtain all of the first- and second-order miss
(sensitivity) coefficients. A crucial property of the differential equations for the derivatives of
position-required is that initial conditions at the target are known a priori, which is in con-
trast with the lack of initial conditions for similar equations derived previously for velocity-
required. In a region where velocity-required and its derivatives exist, algebraic equations are
derived from which the derivatives of velocity-required can be calculated from the derivatives
of position-required.

Introduction

E1T us consider an object whose equations of ballistic
motion are

linear sensitivity coefficients, and then solve for

dx/dt = x, dx/dt = g(x) + a(x,x) (1)
where x, x, g, and a are the vectors of position, velocity, and
gravitational and aerodynamic acceleration, respectively.
We assume that the vectors g and a possess continuous
second-order derivatives. Although these equations are fre-
quently expressed in an inertial coordinate system, there is
nothing in the subsequent derivations to preclude a rotating
coordinate system. Merely include in the vector a the centri-
petal and Coriolis accelerations. Let the solutions to Eq. (1)
at some time t be denoted by x(xo,XQ,t0,t) and x(x^±Q^t) for
initial conditions (#o,£o^o)- Now suppose we wish to hit a
target at some time ti where the position vector of the target
at this time is denoted by XT(II). Hence, this requirement
manifests itself in the equation

XT(tl) = (2)
If ti is fixed at some value IF, then we can usually solve Eq.
(2) for XQ as a function of XQ and t0, called the velocity-required
(correlated velocity) vector vr for the constant total time-of-
flight constraint, such that XT(IF) = x[xQ,vr(xQ,to),t0,tF}.

If Eq. (1) is sufficiently complicated by oblate gravitational
and aerodynamic accelerations, explicit solutions for vr are
not known, and we must resort to approximations. A com-
putationally efficient and accurate method to obtain a linear
approximation to vr is to solve the first-order variational
(linearized, perturbation) equations of Eq. (1), obtaining
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(3)

with a similar equation for dtv/cMo-1

There are two current methods of obtaining better-than-
linear approximations to desired solutions. First, a finite
number of discrete points are chosen at which vr is calculated
accurately by means of an iteration procedure involving
repetitive solutions of Eq. (1). The coefficients of appropri-
ately chosen polynomials are then discrete least-mean-square-
fitted to the accurate vr data (Ref. 2, pp. 228-230). The
second method is to solve Eq. (1) and its first- and second-
order variational equations to obtain first- and second-order
sensitivity coefficients. These coefficients can then be used to
calculate dvr/c)£oj as in Eq. (3), and 52iv/c)#o2 from a similar
equation.3 The first method is the most widely used tech-
nique even though repetitively solving Eq. (1) can be time
consuming. The second method suffers from the fact that
168 differential equations would have to be integrated [in-
cluding Eq. (1), its first-order variational equations, and the
reduction owing to the equality of some mixed second-order
partial derivatives]. For the constant total time-of-flight
constraint, it is possible to derive differential equations that
dvr/dxo and &vr/dx<? obey directly so that only 33 differential
equations have to be integrated, including Eq. (1) [Ref. 4,
Eq. (6.57), and Ref. 5]. These differential equations require
initial conditions, and the only way we know to obtain them
is to solve the first- and second-order variational equations of
Eq. (1) and to use Eq. (3) and something similar for d2^r/dx0

2.
However, we wish to avoid solving the second-order varia-
tional equations.

Now it is known that (dvr/d#o) ~l is zero at the target, and a
differential equation can be derived that it obeys [Ref. 4,
Eq. (6.59)]. The extension of this idea to second-order ap-
proximations is facilitated by the introduction of a new con-
cept that gives the proper physical interpretation to

Observe from Eq. (3) that (cWdzo)"1 = -
xo), which is the same as solving Eq. (2) for posi-

tion as a function of velocity rather than the usual solution of
velocity as a function of position. Thus arises the concept of
position-required pr. Hence, the basic idea (an idea of wide
application apparently unarticulated heretofore) is to solve a
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boundary-value problem (in particular, position-required)
that does not have a singularity at the end condition (target)
and then invert this solution to the desired one (namely,
velocity-required), which has a singularity at the end condi-
tion, in a region where inversion is possible.

To motivate a sufficiently general derivation of position-
required, its derivatives, and the differential equations which
they obey, we make the important observation that many
mission and physical constraints may be included in the
velocity-required function by suitably varying the time-of-
arrival ti at the target. Such an inclusion eliminates the need
for trajectory shaping in many cases since all the constraints
may be built into the velocity-required function. The result
is a much more explicit set of guidance equations, and we will
discuss this aspect of guidance first,

Trajectory Shaping and
Time-of-Arrival Variation

Fixing ti may not be a real mission requirement, and there
may be auxiliary constraints on the mission and physical con-
figurations in addition to hitting the target. Since we must
hit the target, Eq. (2) shows that the only variable that we can
vary freely and upon which vr depends directly is ti. There-
fore, we wish to solve Eq. (2) for vr as a function of XQ, to, and
ti such that xT(ti) = x[xo,Vr(xQ,to,ti),to,ti]. Tne importance of a
solution of this kind is that we are free to vary the time-of-
arrival ti to satisfy additional constraints on the mission and
physical configuration.! Note that even though we vary tr,
the function vr(xo,to,ti) guarantees we shall hit the target at
whatever ti we choose. Let us discuss some possible auxiliary
constraints.

Minimum fuel and minimum burn time are both related to
the velocity-to-be-gained vector vg, defined by vg = vr — v
where v is the current velocity of the booster, and the current
position and time of the booster are used to calculate vr. It is
now clear that the current value of va depends upon ti so ti
can be chosen to minimize the magnitude of vg (Ref. 4, pp.
267-271).

Another example is to avoid collision with some other ob-
ject, such as a satellite, whose position vector as a function of
time t' is known as y ( t ' ) . In this situation, we require that
\y(t') — x[xo,vr(xQ,tQ,ti),to,t']\ > Ks. The constant Ks is some
number indicating minimum allowable spacing. It may then
be possible to solve this inequality (or more appropriately its
square) for ti to satisfy this constraint. Finally, a value of ti
might then be found that minimizes the magnitude of vg
subject to the inequality constraint.

A constraint on the physical configuration may be that the
commanded yaw attitude \[/c in steering does not exceed a cer-
tain limit, for example Ky, to avoid ripping cables connecting
the power source fixed to the vehicle body and the inertial
measurement unit. For simplicity, let us assume that our
steering law points the thrust vector along the velocity-to-be-
gamed vector; and, for many important applications, this is
quite true. As before, vg depends upon ti and so then does the
direction cosine vector £ of vg', and, since the relationship be-
tween £ and \f/c is known (frequently one component such as
£2 is of the form £2 = — sin-^c), it may be possible to solve for
ti so that \\f/c\ < Ky.

Although there are many more examples, these few serve to
illustrate the power of the idea of varying time-of-arrival to
satisfy auxiliary constraints. If auxiliary equations must be
satisfied, they or their approximations also will need to be

f The variable time-of-arrival constraint, where ti is chosen to
satisfy additional constraints, is to be distinguished from the non-
constant total time-of-flight constraint where ti is of no interest
[Ref. 2, Eqs. (5.71) and (5.72)]. We remark that the derivations
of position-required, its derivatives, the differential equations
which they obey, and the relationships to velocity-required and
its derivatives have been extended to the nonconstant total
time-of-flight constraint.6

calculated. Such additional calculations are not discussed in
this paper. We restrict ourselves to obtaining approxima-
tions to vr as a function of Xo,to,ti, and xi (which will be defined
below).

In Eq. (2), we have assumed that XT(ti) is known. How-
ever, there are cases where XT(ti) may not be known accurately
owing to inaccurate or incomplete tracking, or we may wish
to vary the target site for other reasons. In these situations,
we would like to know vr as a function of an arbitrary impact
position xi, as well as x0,to, and £/.

In summary, a very large category of realistic guidance
problems can be efficiently handled by knowing vr as a func-
tion of Xi,Xo,to, and ti and by suitably varying the time-of-
arrival fa. It is often time consuming and expensive to shape,
by various iterative methods, powered flight trajectories to
satisfy these constraints. However, this idea illustrates how
one may be able to shape during powered flight by varying
the time-of-arrival appropriately during each guidance com-
putation cycle. Surely this results in a more explicit set of
guidance equations. Most importantly, we note that this
concept of using variable time-of-arrival and target position
in the velocity-required expression to shape powered flight
trajectories is quite independent of the remainder of this
paper and has been utilized in applications which use only
linear sensitivity coefficients.

First-Order Derivatives of Position-Required

In this section, we derive differential equations that dpr/
dz0, dpr/dxi, and dpr/dti obey and determine the initial con-
ditions for these differential equations at the target [Eqs.
(10, 13, and 16)]. We also show that it is not necessary to
solve the differential equation for dpr/(M/ [Eq. (16)] since
there is an algebraic relationship between dpr/c)#/ and
dpr/c)ti [Eq. (17)]. In the next section, we derive differential
equations and their initial conditions for the second-order
derivatives of position-required, and in the final section we
derive relationships between the derivatives of velocity-re-
quired and position-required.

Suppose we have a specific set of initial conditions
(XQ',XQ',to') and at some time-of-flight t/ we define xi =
x(xo',XQf,to',ti'). We wish to solve for vr as a function of
Xo,to,ti, and Xi such that Xi = x[xo,vr(xo,to,ti,xi),to,ti] for any
(xo,to,ti,xi) in a neighborhood of (xo',to',ti',xi'). This is our
general boundary-value problem, and Xi and ti may be varied
for a variety of reasons mentioned previously. To derive the
desired results efficiently in the second-order case, we consider
Eq. (1) as being solved backwards from the target, and we
need the crucial property that, for initial conditions (xi,xi,ti)
close to (xi',xi',tif), where ±if =s X(XQ'fa',tQ

f ,tif),

x(xi,xI,tI,t) = pr[x(xi,xi,ti,t),t,ti,xi] (4)

is true -for any time t such that the matrix dx/dxo from t to
ti along the reference trajectory defined by (XQ',XQ',tQ') is
nonsingular. This matrix certainly is nonsingular for t = £/'
since it is the (3 X 3) identity matrix there. What Eq. (4)
says is that if we fly a trajectory backwards from the target
at time ti, then the position at time t on this trajectory is
precisely the position-required to hit the target starting at
time t and flying in the forward direction to time ti. A simple
argument involving the uniqueness and continuity of solutions
of Eq. (1) with respect to initial conditions and the unique-
ness of pr will prove this (see the Appendix for a rigorous der-
ivation). As mentioned we are now considering Eq. (1) as
being solved backwards from the target with initial conditions
(xi,xi,tj). Hence, position, velocity and time back along the
trajectory henceforth will be denoted by x, x, and t rather
than XQ, XQ, and to, and dpr/dx0 now becomes dpr/dx.

It follows from Eqs. (1) and (4) that the total derivative of
pr with respect to t is

dpr/dt = x (5)
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Now pr is a function of ±i and is continuously differentiable
with respect to ±i provided the right-hand side of Eq. (5) is
continuously differentiable with respect to pr and XL Since x
does not depend upon pr, it is continuously differentiable with
respect to it, and x is continuously differentiable with respect
to xi from basic variational theory (Ref. 7, pp. 25-32).t
Hence,

(6)

(7)

Now at t = £/', dz/dz/ is the (3 X 3) identity matrix. We
assume it is nonsingular for all t', but then the total deriva-
tive of dx/dxi and dpr/dx with respect to t exists since
dpr/dx= (dz/d^/Xdz/dz/)"1 [seeEq. (7)], and these matrices,
in turn, are differentiable with respect to t. Thus, Eq. (6)
may be expanded to

+

then expand Eq. (11) to

(*/*) (%] =
From Eq. (4) it is clear that

= dz/dz/ (8)

using dpr/dz/ = (dpr/dz)(d£/d£/), which comes from using
the chain rule on the right-hand side of Eq. (4). Recall from
variational theory that the first-order variational equations of
Eq. (1) are

0

d g r d a d a / l dx dx dx
do; dx dx/ \do;/ dx/ <

(9)

where 0 and / denote the (3 X 3) zero and identity matrices,
respectively. The initial conditions at t = tif for Eq. (9) are

(
\

I 0

We then substitute from Eq. (9) into Eq. (8) obtaining

[ d f^Pr\~\ <M>_ , <>Pr [Ycty , 5«\ .̂ , ^ dx"| _dx

di \5*/ J d*"/. "d£ L W 5z/ dS d£ d*,J ~ frtj

which, using Eq. (7), becomes

d /dpA , dp_r /ty da\ 5p, 5p_r da _ T~
"^ "^ "^

Because of our assumption that
must reduce to

dx

x/ is nonsingular, this

— (dpr\ dpr /d# da\ dprd
<ft

r )pr da
+

Equation (7) and the initial conditions for Eq. (9) show that
the value of dpr/dx at t = tif is zero. Notice that, since
dpr/dx = (bvrfbx) ~[, Eq. (10) (with the aerodynamic terms
omitted) is the same as Eq. (6.59) of Ref. 4.

Now let us return to Eq. (5). As before, the total deriva-
tive of pr with respect to xi, denoted by dpr/dxi, satisfies

(d/dt)(dpr/dxi) = (11)

But dpr/dxi = (dpr/dx) (dx/da*/) + dpr/dx/, again using the
chain rule on the right-hand side of Eq. (4), so that we may

t It was R. Rinker's suggestion that led to this particular ob-
servation and which significantly reduces the algebraic manipula-
tions necessary to derive the desired equations in the second-order
situation. The original derivation, which used the Implicit
Function Theorem, was much more lengthy.

_ . =
dt \<)x drc/ dx * -/ dt \bxij da;/

Substituting from Eq. (9), noting from Eq. (4) that

+ dpr/dxi (12)
and combining terms yield

fl (^Pr\ i ^ISr (*!L • <^\ *£i . r̂ ̂  _ /-"I ̂  ,
Ld« \5*/ dx \dz ^ do:/ dx + d* d* J di/ +

<L (*PI\ , ^r /^ , *a\ *Pr = A
<ft \^// ^>^ \^ ^/ ds/

Thus, using Eq. (10) we have

cWc>z/ = 0 (13)
The initial condition for Eq. (13) at t = £/' is the (3 X 3)
identity matrix as shown by evaluating Eq. (12) at t/ and
using the initial conditions for Eq. (9). Note that Eq. (13)
is a linear differential equation in the matrix variable dpr/dxi.
In fact, dpr/do;/ is the fundamental matrix of the linear vector
differential equation

dy/dt + (dpr/dz)(d0/dz + da/do;)?/ = 0 (14)
Let us return again to Eq. (5). Now the total derivative of

pr with respect to ti, denoted by dpr/dti, satisfies

(d/dt)(dpr/dti) =
But then dpr/dti =
that

+ dpr/dti, and noting

(15)
we proceed as before to obtain

[ d_ /dffA , dp,, /dgf da\ dp,. dp, da _ -"15*
^ \5* / 5* \5« 5«/ d* + d* d* JdZ/

4.
; da;/

= n

Using Eq. (10), this becomes

+ 5a/5a05pr/5k = 0 (16)
Using Eq. (15) and the initial conditions for Eq. (9), we can
see that the initial condition at ti for Eq. (16) is — x/.
However, since Eq. (16) is of identical form to Eq. (14), of
which dpr/dz/ is the fundamental matrix, we know from vari-
ational theory that

for any time t. Hence, it is not necessary to solve Eq. (16).
We may use Eq. (17) instead.

The simultaneous solution of 24 differential equations
[Eqs. (1, 10, and 13)] gives dpr/dx and dpr/dxi, and then
dpr/d£/ algebraically [by means of Eq. (17)]. These coef-
ficients allow us to compute linear estimates of pr for ar-
bitrary variations in x, #/, and ti. However, not all problems
involve arbitrary variations in all these variables. For
example, the constant total time-of-flight constraint only
allows variation in x so that only 15 differential equations
have to be solved [Eqs. (1) and (10)]. Another important
example is illustrated by varying the time-of-arrival ti with
the target moving so that the desired aim point is xi =
XT(ti). In this instance, variations in x and ti may be ar-
bitrary but those in xf are not. In this example, a linear ap-
proximation to the variation in pr is given by

:r) Ax
(18)
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However, XT(ti) — xT(tif) may be linearly approximated by
[xT(ti')]&ti so we have

Apr « (dpr/dx)kx + [(dpr/ds/)*^/') + dpr/&i]Afc (19)
Since dpr/oti = — (dpr/dxi)xi', it is obvious that the vector
(dpr/bxi)[xT(ti')] + dpr/oti is the solution of Eq. (14) with
initial condition at the target xT(tjf) — z/'. In this example,
only 18 differential equations must be solved simultaneously
[(Eqs. (1, 10, and 14)]. Since 18 differential equations are
only six less than 24, this reduction is not particularly impor-
tant for linear approximations; however, the number of dif-
ferential equations to obtain the appropriate second-order co-
efficients is considerably less than they are when variations in
Xi are arbitrary.

Second-Order Derivatives of Position-Required

In this section we derive the differential equations which
the second-order partial derivatives of position-required obey
along a reference ballistic trajectory. The differential equa-
tions for Wprifoxfixk, Wpri/dxjdxik, and d2pri/oxijXik,
ijfi = 1,2,3, are Eqs. (23, 25, and 27), respectively. The
initial conditions at the target for these differential equations
are all zero. Algebraic equations are derived for dzpri/
dxyd£/, &pri/dxifiti, and &pri/dti\ i,j = 1,2,3 [Eqs. (28, 29,
and 30) ]. Hence, to obtain all of the possible first- and second-
order partial derivatives of pr, it is necessary to solve 87 dif-
ferential equations simultaneously [Eqs. (1, 10, 13, 23, 25,
and 27)], taking into account the equality of some mixed
second-order partial derivatives. For the constant total time-
of-flight constraint, only 33 differential equations have to be
solved [Eqs. (1, 10, and 23)]. Both of these numbers (87 and
33) are considerably less than the 168 differential equations
required to calculate all of the first- and second-order sensi-
tivity coefficients. In the important special case where varia-
tions in xi are not arbitrary but are constrained to
and where these variations are approximated by
only 48 differential equations have to be solved [Eqs. (1, 10,
14, 23, 32, and 33)] with the appropriate initial conditions.

It is not possible, nor necessarily desirable, to include the
complete derivation of all of the desired equations in this
paper. Thus only those steps are included which will enable
the interested reader to reconstruct all the necessary steps
with a moderate effort. Moreover, we adopt the Einstein
summation convention which is so common in classical ten-
sor analysis.8 All indices and sums over indices in this sec-
tion vary over 1, 2, 3.

We first consider the second-order partials of position-re-
quired with respect to velocity x. To derive the desired equa-
tions, we write Eq. (10) in coordinate form as

^TToxk
i ox

^Qm O0,m\
"̂  — \ ^" —— I "dxn dxn/

tyri OO,m _
I ^TT~ ^TT ~~

where 5ik is the Kronecker delta function. Equation (20) is
continuously differentiate with respect to x/ since the second-
order derivatives of g and a are continuous. Expressions for
these second-order derivatives for the dynamics presented in
Ref. 1 have been derived.9 Hence, applying variational
theory to Eq. (20) we have

dt
oar

OXk

Xn bxllbXn/ OX,

Oam

= 0 (21)

Noting from the right-hand side of Eq. (4) that ^pri/oxnbxk

= (dzpri/dxjdxk)(dxj/dxn)t substituting from Eqs. (7) and
(9), and interchanging some dummy summation indices, Eq.
(21) expands to

frf

[_dt -r~ + ̂ . J.* ( ̂  + ̂  1 ^T"* ̂>x/z oxjOXk |_ \do;s oxs/ oxn oxn

rn

oxm [_\c)xs<)xn dXyd^n <5xii J dXfe

If we change some dummy summation indices, we may factor
out dxy/dxn so we have an expression of the form

= 0 (22)

The assumed nonsingularity of dx/dz/ is equivalent to its
rows being linearly independent. Hence, for each fixed combi-
nation of i and k, Eq. (22) can be true if, and only if, the co-
efficients of each row vanish. Thus we finally have

/

dt \dxydx/ bX

rx m .

_dxsC)Xn

C)pri (tym

+

dxk

Now from Eqs. (4) and (7) we see that

52^t _ &pri dxm d^n

from which it is not difficult to deduce that at t — ti we have
&pri/'bxj'bxk = 0, since Wxi/bxifixu and d2xn/dx/ydx/A; are all
zero at t = ti '. This latter fact is true because the initial
condition for the differential equations (the second-order
variational equations), that the second-order partial deriva-
tives of any component of position or velocity with respect to
any combination of components of initial position or velocity
obey, are zero.

To derive the differential equations that the second-order
mixed partials of position-required with respect to velocity x
and target position xi obey, we write Eq. (13) in coordinate
form as

dt
+ fe + ̂  ) ̂  =

>Xm \OXn OXn/ OX Ik

0 (24)

Differentiating with respect to xn, we have

d_ / Wpri \ _d_ rtpri '

dt \dxnbxik/ dxn \J)xm

which expands as Eq. (20) expanded to Eq. (21). Noting
from the right-hand side of Eq. (4) that &pri/dxii()xik =
(&pri/dxfixik)(dxj/dxii), it is possible to derive the desired
result using precisely the same steps as the derivation of Eq.
(23) from Eq. (21). The only differences are that fewer terms
are involved, since Eq. (24) contains fewer terms than Eq.
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(20), and one must substitute dxu for c)xk in Eqs. (21-23).
The result is

obtain

d / Wpri

dt \bxfixik
\

rn OT

<)Xj ft

rn

dtc/fc
, d2flw \ dffr8 , d2flm "1 dffm

dzsdav/ tit, dzjdznj da;/*
dp™ /dgw daw\ d*pm =
dzTO \d#n dzn/ dxfixik

By differentiating the coordinate form of Eq. (7) with re-
spect to xik) it is easy to see that the d^rt/dsydaj/* are zero at

To derive the differential equations that second-order par-
tials of position-required with respect to target position obey,
we differentiate Eq. (24) with respect to Xi3- to obtain

£ f d (**P!*\\ I d fdP" /Ctym daOT\ dprnl =

dt [_dxij \dxik/ J cfo/y Ldzm \dxn dzn/ dxikj
(26)

Noting from the right-hand side of Eq. (4) that

it is possible to expand Eq. (26), substitute from Eq. (9) and
then Eq. (12), and combine terms similar to the previous der-
ivations to obtain an expression of the form (Bu£)($xi/
dxij) + Cjk1 = 0. For each combination of i, I, k, the Bitf are
precisely the left-hand side of Eq. (25) (with I in place of j )
and, hence, zero. We are left with Cy&1 = 0 and this expression
s

dt
d2pri m

d2p™ /d0™ dam\
bxifixm \dzn dxn/

*& (J^L + **±\w ™

+

^ +

= 0 (27)

By differentiating the coordinate form of Eq. (12) with respect
to xik, it is obvious that the &pri/bxijbxik are zero at t = ti .

Returning to Eq. (17), we note that the equation holds for
(xi,xi,ti) in a neighborhood of (xi1\xi ',£/') so that dp™/d£/ =
— (dpri/dxik)xik holds in this neighborhood. Hence, dif-
ferentiating Eq. (17) with respect to z/i, using the right-
hand side of Eq. (4) and the nonsingularity of dz/dz/, and
evaluating at the reference point give

d2pr;/dzyd£/ = — (&pri/dxfixik)xikf (28)

Now taking the total derivative of Eq. (17) with respect to
XH and ti, using the right-hand side of Eq. (4) and Eq. (28),
and evaluating at the reference point give

'/*)*/*' (29)

'*/*' (30)

In the case where variations in xi are not arbitrary but are
constrained to satisfy £r(2/), we do not want to solve Eqs.
(25) and (27) for all values of j and k. To avoid this, we write
out the second-order Taylor series approximation to Apr;,
just as we did in the first-order case [Eq. (18)], let xT(ti) -
XT(h') be approximated by [xT(ti')]Ati, and combine terms to

ri « Linear terms

X

XTk(tl')XTj(tl')

u/ / r i ( ,} VJJri A „ I m.
*•> -^ >v JvTj\l>I ) "T~ ^T ^ I m>I l \&*-)

Of course, we calculate the d2pri/d^yd^ by solving Eq. (23).
Now defining uf to be the coefficient of A^-A^/ in Eq. (31)
and then using Eq. (28) we have uf = (d^ri/dxyda;/^)
[xTk(ti') - x^]. Noting that d[xTk(tif) - xik']/dt = 0,
we multiply Eq. (25) by [xTk(ti') — xik'], define vn ̂  (dpm/
dxik) [xTk(ti') — xik ], and sum on k to obtain

dt
r/dgrm
[\c)xn

rn r
+

r/_dv
[__ \OiCsOO/

Observe that fn is the coefficient of A£/ in Eq. (19) [using Eq.
(17) ] and, hence, obeys Eq. (14) with initial condition at the
target XT(ti') — ±i . Of course, the initial conditions for Eq.
(32) at the target are zero since the &prifbxfixik are all zero
there.

Now the coefficient of A£/2 in Eq. (31), call it w*, can be
written using Eqs. (29) and (30) as

so by multiplying Eq. (27) by [xTk(ti') - xik][xTj(ti') -
Xij1} and summing onj and k give

dt
Vn

r m

dam \- \
n/

w» = 0 (33)

Of course, the initial condition for Eq. (33) at the target is
zero. Hence, to obtain the first- and second-order Taylor
series coefficients for pr, where variations in xi are constrained
to be XT(ti) and variations in XT(ti) are approximated by
[£r(*/')]A*/, we solve Eqs. (1, 10, 14, 23, 32, and 33). If the
linear approximation for variations of xr(ti) is inadequate, we
use [xT(ti')]Ati + [£r(Z/)]A£/2/2. The reader is invited to
work out the appropriate differential equations and initial
conditions in this case.

Relationships between Derivatives

In this section algebraic relationships between the first- and
second-order derivatives of velocity-required and position-
required are derived. The results are Eqs. (40-43, and 47-50).
Furthermore, we show how to derive differential equations
for the partial derivatives of velocity-required by differentiat-
ing these algebraic relationships with respect to t and sub-
stituting from the differential equations of the appropriate
partial derivatives of position-required.

Since the desired relationships are most easily derived in
complete generality, we suppose that / is an ^-dimensional
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vector function such that /(wo,0o,2/o) = 0 for some fixed point
(uojZo,yo) in (2n + p)-dimensional Euclidean space, and we
suppose that / possesses continuous second-order partial de-
rivatives in a neighborhood of this point. The vectors u, z,
and y are of dimension p, n, and n respectively. If the inverse
of bf/by exists at the fixed point, then the Implicit Function
Theorem states that y is a unique function 0 of, and possesses
continuous second-order partial derivatives with respect to,
u and z in a neighborhood of (UQ,ZQ) such that/[w,0,0(^,0) ] = 0
in this neighborhood. Moreover, 0(w0,0o) = 2/o- It follows
that

0 = 5//50 + (5//5?/) (50/50)
0 = bf/bu + (bf/by)(b<t>/bu)

(34)

(35)

in the above neighborhood. Similarly, if the inverse of 5//
50 exists at the fixed point, then we have z as a function 0 of u
and y such that f[u,Q(u,y),y\ = 0 and 0(wo,2/o) = 0o, from
which it follows that

0 = bf/by + (5//50)(50/5?/)
0 = 5//5u + (5//50)(50/5w)

(36)

(37)

Now solving for 50/50 in Eq. (34) and bO/by in Eq. (36) and
comparing results shows that

50/50 = (bd/by)- (38)
Solving for 50/5w in Eq. (35), 50/5w in Eq. (37), and inserting
(bf/bz)(bf/bz)~i give

50/5r = - (50/50) (50/5w) (39)

In terms of velocity and position-required, Eqs. (38) and (39)
become

r/bx = (bpr/bx)~~l

= — (bvr/bx)(bpr/bxi)
= -(bvr/bx)(bpr/btr)

(40)

(41)
(42)

The derivations of Eqs. (41) and (42) assume variations in
Xi and ti are independent. In the instance where variations
in xi are not arbitrary but are constrained to be #T(£/), it is
easy to see that

(43)
do;

which is the coefficient of A£/ in the linear Taylor series ap-
proximation for A«v [see Eqs. (18) and (19)].

Noting that (bvr/bx)(bpr/bx) = I in a region where
d^r/d£ exists, we differentiate this expression with respect to t
and then substitute Eq. (10) for d(bpr/bx)/dt and use Eq. (40)
to obtain the differential equation for bvr/bx. Similarly, dif-
ferentiating Eqs. (41-43) with respect to t and making ap-
propriate substitutions gives differential equations for
bvr/bxi, bvr/bti, etc.

To derive the desired second-order relationships efficiently,
we observe that 6 and 0 are inverse functions of one another
for every fixed u in a neighborhood of w0.§ This follows from
the fact that 50/50 is nonsingular in a neighborhood of
(UQ,ZQ) so that (j)~l exists and has derivative b<j)~l/by =

(5^/50) ~l = bd/by.10 Since this relation holds in a neighbor-
hood of (w0,2/o) and 0~1(w0,2/o) = 2o = 0(wo,2/o), it follows from a
first-order Taylor's formula with integral remainder11 that
0"1 = B in a neighborhood of (uo,yo). Hence,

= H(u,y) = (44)

§ This basic observation was made by P. Cefola and results in
significant reductions in the algebraic manipulations required to
derive the desired second-order relationships. The original der-
ivation, which used the Implicit Function Theorem, was much
more lengthy.6

From this equation, we can easily derive the general relation

[(50/50 } ] [(bd/by) { (tio,yo) } ] (45)
In Eq. (45) we have deliberately included the fact that the re-
lation involving the derivative of a composition of functions,
which we usually write as (50/50) (50/5?/), is really only true
when these derivatives are evaluated at the appropriately
corresponding points. Hence, they depend upon, i.e., are
functions of, UQ and y0. Since the relation in Eq. (45) holds
true for (u,y) in a neighborhood of (wo,2/o)> we may differenti-
ate the coordinate form of Eq. (45) with respect to y\ to ob-
tain^

= (5/52/z)[(50i/50,)50,/52/w] =0 =

Of course, this relation depends upon evaluating the deriva-
tives at the appropriately corresponding points, but we have
now suppressed this dependence as is customary. Multiply-
ing by (50z/50y)(50m/50fc), summing on I and m, using Eq.
(38), and rearranging give

- (50i/50/0 (b20h/byibym) (50 */50y) 50^/50* (46)
Hence, if we know the first- and second-order partial deriva-
tives of the 0's with respect to the y's, we can calculate the
first- and second-order partial derivatives of the 0's with
respect to the 0's using Eqs. (38) and (46). Doubtlessly,
formulas for the relationships between even higher-order
partial derivatives can be derived. In terms of velocity and
position-required, Eq. (46) becomes

Differentiating Eq. (47) with respect to t and substituting
from Eq. (23) and the differential equation for dvr/dx give
differential equations for the Wvri/dxfixk.

Now differentiating Eq. (45) with respect to u3- yields

0
^

'
50, 50.

Multiplying by 50^/50^, summing on I, using Eq. (38), chang-
ing one dummy summation index, and rearranging yield

50,* 50,:
50,50/fc 50,

In terms of velocity and position-required, this equation be-
comes

(48)bxh

bxh
(49)

Of course, these algebraic equations may also be differentiated
with respect to t to obtain differential equations for the ap-
propriate partial derivatives of velocity-required.

Finally, from Eq. (44) we obtain

0 =
[(50/50

^ In the subsequent derivations of this section, the indices for
0, 6, y, and z vary over 1,.. .,n; the indices for u vary over
1,... ,p; and the indices of pr, vr, x} x, and xi vary over 1,2,3.
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so that differentiating the coordinate form of this relation
with respect to u, gives

0

x(xi,xi,ti,ti). Hence, the solutions to Eq. (1)

I _—_L- _|_ —:—L. ——— 1 ——— _|_ ——L ——_

Solving for d^/di^-d^ gives

G (50)

The reader should be able by now to write out the expres-
sions for Wvri/dxijdxik, Wvrifoxifiti, and d2^/d£/2 from Eq.
(50). In the instance where variations in xi are not arbitrary
but are constrained to be xr(ti), it is possible to derive rela-
tionships similar to Eq. (43) for second-order coefficients.
Again, the reader is invited to do so.

The partial derivatives d^/d^dzy, etc., involving time,
can be computed algebraically using other first- and second-
order partial derivatives already computed [Ref. 1, Eq.
(ll)L

Appendix

All notations in this Appendix follow the notations in the
beginning of the section entitled "First-Order Derivatives of
Position-Required." Suppose dx/dxo is nonsingular when
calculated from to' to ti along the reference trajectory de-
fined by (XQ',XQ',to'). Then the Implicit Function Theorem
tells us that open sets UijU^Us, and t/4 exist containing
Xo',t0',tif, and xi such that pr is a unique, continuous function
on the open set U = C/iXC72XU^XU*, possessing continuous
second-order derivatives on U, and satisfying

whenever (x0,to,ti,xi) is in U. The uniqueness of pr means
that pr(xQ,to,ti,Xi) is the only initial position satisfying Eq.
(51) for (xQ,to,ti,xi) in U.

On the other hand, open sets Ui,Ui,U$, and IV exist
containing xi',xi',tir, and to' such that x'(xi,xi,ti,to) is in Ui
whenever (xi,xi,ti,to) is in the open set t/i'X^VXt/s'XW.
This follows from the continuity of solutions of Eq. (1) with
respect to initial conditions and time (Ref. 7, p. 22). Letting
Vl =3 USU*, V, =: UV, F3 = U,' n U3, and F4 = US n t/2,
we may conclude that [x(xi,xi,ti,to), t0,ti,xi] is in U whenever
(xi,xi,ti,toj is in the open set V ̂  FiXT^XysXT^.

Finally, we note that the solutions to Eq. (1) satisfying
specific conditions (22,22^2) are unique. This follows from our
virtually global assumption on the existence of continuous
second-order derivatives of g and a (Ref. 7, p. 12). Solutions

x(xijXi,ti,t), x(xi,xiyti,t) (52)

to Eq. (1) starting at (xi,xi,ti) satisfy xi = x(xi,xi,ti,ti) and

(53)

starting at x(xi,xi,ti,td, x(xi,xi,ti,to), and £0 must satisfy

Otherwise, there would be two distinct solutions to Eq. (1)
satisfying the conditions x(xi,xi,ti,t<>), x(xi,xi,ti,td and t0,
namely, Eqs. (52) and (53).

Now restricting (xi,xi,ti,t^ to be in 7, we see that the fol-
lowing equations are both satisfied

Xi = x[x(XijXi,ti,tQ), x(Xi,Xi,ti,tQ),tQ,ti]

xi = x{pr[x(xi,xi)tI)tQ\to)tI)xI]}x(xi,Xi)tI:to),to,tI}
from which we may conclude that x(xi,xj,ti,t0) = pr[x(xi,xi,
ti,to),U,ti,Xi]. Since this argument holds true whenever

is nonsingular, we may conclude

x(xi,xi,ti,t).= Pr[x(xi,xi,ti,t),t,ti,xi]
for every time t for which the nonsingularity condition holds.

A similar relationship can be derived for vr in much the
same manner as the one for pr. This relationship can then be
used to directly derive Riccati-type differential equations that
the derivatives of vr obey (much as the Riccati-type differen-
tial equations for the derivatives of pr were derived) rather
than the method suggested in the section entitled "Relation-
ships between Derivatives."
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